There has been renewed interest in the Burnett equations for potential hypersonic flow applications in recent years. However, current Burnett solutions have been obtained for one-and planar two-dimensional flows only. The purpose of this paper is to extend the Burnett solutions to axisymmetric flows. The general three-dimensional components of the Burnett stress and heat-flux terms are derived from their tensor forms. Subsequently, the numerical solutions of the augmented Burnett equations are obtained for axisymmetric hypersonic flow past spherical blunt noses with a cold isothermal wall condition. The Burnett solutions are studied through comparison with Navier-Stokes solutions, and some available DSMC results at various free-stream Knudsen numbers and Mach numbers.
Introduction
Recently, there has been a revival of interest in studying the Burnett equations for potential application t o hypersonic flow in the slightly rarefied flow regime[', ', 3, *, 5 ' 61 71 '
1. The studies on the Burnett solutions for simple one-dimensional shock wave structure have indicated that the Burnett equations are superior to the Navier-Stokes e uations for flow in the continuum transitional regimeq" 3, 4 3 ' 1. But the applications of the Burnett equations t o multidimensional flow problems are more difficult because there have not been satisfactory boundary conditions for the Burnett equations which are higher order equations than the Navier-Stokes equations.
While further studies are needed to resolve the boundary-condition issue['01s], two-dimensional numerical solutions of the Burnett equations can he obtained for some multidimensional rarefied flows if the Burnett terms are negligible in the boundary layer. An example of such flow fields is hypersonic flow at small free-stream Knudsen numbers over blunt bodies near the stagnation points with a cold wall. Because the order of magnitude of density increases significantly across the bow shock and cold wall boundary layer (typically 15 to 20 times), the local Knudsen numbers on the cold wall near the stagnation point are much smaller than the free-stream Knudsen numbers. Therefore, for free-steam Knudsen number on the order of 0.1, the Burnett equations are significant mainly in the shock layer, but essentially reduce to the NavierStokes equations in the boundary layer. Therefore, the slip boundary conditions for Navier-Stokes equations can he used for these flows. Numerical solutions for planar two-dimensional hypersonic past a cylinder near the stagnation point have been obtained by Zhong et I~nlay [~] , and Liaw et al.
[q. The results ['] show that the two-dimensional Burnett solutions for this flow agree reasonably well with DSMC results for Knudsen number around 0.2 or less.
For practical applications, three-dimensional and axisymmetric flow is important for hypersonic flow past blunt bodies. To our knowledge, however, the Burnett equations have not heen applied to axisymmetric and general three-dimensional flow. While the Burnett equations have been derived in general tensor form, the general three-dimensional components of the Burnett equations, which are needed for axisymmetric and general three-dimensional flow solutions and analytical studies, have not been derived due to their complexity.
Therefore, the objective of this paper is to extend the Burnett solutions to three-dimensional flows. First, we will derive general three-dimensional expansion of the Burnett terms from their general tensor forms, and subsequently obtain the expressions for the axisymmetric augmented Burnett equations. Second, we will apply an implicit numerical method t o solve the augmented Burnett equations for axisymmetric hypersonic flow past a cold blunt nose. The newly developed axisymmetric Burnett code will be used to compute hypersonic flow past spherical blunt noses and obtain numerical solutions of the Burnett equations for axisymmetric hypersonic flow. The Burnett solutions are studied through comparison with Navier-Stokes solutions, and some available DSMC results at various freestream Knudsen numbers and Mach numbers. 
Expansion of Burnett Equations Burnett Equations in Tensor Form
The conservation equations of mass, momentum and energy in continuum fluid dynamics are the first five moment equations of the Boltzmann equation, i.c.,
ae
and u is the velocity vector, r is the stress tensor, q is the heat-flux vector, and 6 is the unit tensor. The conservation equations are closed by the constitutive equations for stress and heat flux terms. The Burnett equations use the second-order constitutive relations derived from the Boltzmann equations by using the Chapman-Enskog method[", ' ' 1 in the following tensor form: 
'e.
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The coefficients wI's and Oi's can be computed by using the Chapman-Enskog expansion with a molecular repulsive force model. So far, only the coefficients for the two extreme cases, the hard-sphere and the Maxwellian gas models, have been computed and are listed in Table  1 .
In Eqs. (7) q(') = -{ 07 R V (V2T) + PP w tained by using the augmented terms.
Expansion of 3-D Burnett Stress and Heat-Flux Terms
The Burnett stress and heat flux terms in tensor from given by Eqs. (7) and (8) are expanded in components of the three-dimensional cylindrical coordinates shown in Figure 1 . The corresponding three-dimensional expressions in the Cartesian coordinates can be obtained from those in the cylindrical coordinates by dropping the terms involving factor of 1/r. The standard expansion of the Navier-Stokes terms, dl) and q['), in cylindrical coordinates are not included here; the augmented Burnett expressions for Eqs. (11) and (12) are derived only for axisymmetric flow for simplicity and are given in Appendix I.
The following notations are used in the expansion in cylindrical coordinates: re w7 = 219, 06 = -518, and 07 = 1111 The Burnett solutions in this paper are those ob-
where the metric coefficients, h j , are hl = 1, h2 = r = X I , and h3 = 1, and, derivatives of unit vectors ei are given by The resulting expressions of the three-dimensional Rurnett stress are as follows:
where the coefficients ai's can be found in Table 3 Table 2 .
Boundary Conditions
As discussed in the introduction of this paper, though the issue of boundary conditions has not been settled, the Burnett equations for slightly rarefied hypersonic flow field near the stagnation point on a cold wall are essentially the same as the Navier-Stokes equations in the boundary layer. Therefore, the following first-order slip for the Navier-Stokes equations are used in our computations for the Burnett equations:
where X is the mean free path computed by X = 16~/(5p-), (r is the reflection coefficient, a is the accommodation coefficient, and T, is the wall temperature.
On the other hand, the boundary conditions in the free stream boundary are fixed to the free-stream values and those in the exit boundary are computed by a linear extrapolation.
Numerical Methods for Axisymmetric
Burnett Equations Figure 2 shows the coordinates and a finite-volume cell bounded by an infinitesimal angle in E direction for axisymmetric flow. The finite-volume formulation of the conservation equations (Eqs. 1 to 3) in the general curvilinear coordinates (<, 7) for the single cell
where U is the cell average value of the vector U, and
where Vjj is the cell volume, Sij is the cell surface area in the (I: y) plane, n is the unit-vector in (z, y) plane normal to an interface surface, and Si++ is the cell interface area. Equation (27) is solved by an second-order implicit numerical method which is a extension of the implicit methods for the two-dimensional augmented Burnett equations presented in Ref. [4] .
For axisymmetric flow, the expressions of Burnett stress and heat flux terms can be obtained as a special cases of Eqs. (16)-(24) by assuming:
The computer code is first validated by computing a Mach 7.10 air flow past a sphere in the continuum flow regime. Experimental results reported by Lobb["] on the bow-shock shape are available for comparison. Since the flow is in the continuum regime, the results here are those of the Navier-Stokes equations which are expected to be accurate. The Burnett solutions are expected to be the same as the Navier-Stokes solutions for the present case.
The other flow conditions are,
where the viscosity coefficient is computed by the Sutherland's Law for air, P r = 0.72, y = 1.4, the sphere radius T = 0.635 x IOw2 meters. The wall of the sphere is assumed to be a diffuse-reflection cold wall i. e., u = 1 and a = 1. Since the Knudsen number is negligibly small, the slip boundary conditions essentially result in non-slip conditions on the wall. The numerical results presented below are obtained by a 76 x 120 grid shown in Figure 3 . The numerical accuracy of the results is discussed in Appendix 11.
The flow-field density and temperature contours are 
ut
Burnett solutions agree well with DSMC results, while the Navier-Stokes solutions do not,
The other flow conditions are, TWai, = T , = 300K, P r = 2/3, y = 5/3, and sphere radius r = 0.02 meters. The gas is assumed to be the monatomic gas with a
The details of the Burnett stress and heat flux terms in axisymmetric flow are given in Appendix I. In numerical computations, those expressions are further transformed into (<, 7) coordinates.
Results
The newly developed computer code for solving the Navier-Stokes equations and the augmented Burnett equations is applied to axisymmetric hypersonic flow past a spherical blunt body. Again, the solutions are valid only for flow near the stagnation point of a cold wall due to the uncertainty of the Burnett boundary -conditions. hard-sphere model, and the wall of the sphere is assumed to be a diffuse-reflection cold wall i. e., u = 1 and a = 1. The viscosity coefficient of a hard sphere A 102 x 168 grid which is uniformly distributed in both < and 7 directions is used in the computations.
The grid refinement studies in Appendix I1 have shown that this grid is fine enough to ensure numerical accuracy. Figure 6 . Similar comparisons of flow-ficld density contours arc shown in Figure 7 . All the contours show that the Burnett solutions predict a thicker shock than the Navier-Stokes equations. The temperature contours show significant difference between the augmented Burnett results and the Navier-Stokes results in temperature. Figures 8, 9 , and 10 show the temperature, velocity and density distributions along the stagnation streamline. The Navier-Stokes solutions (N-S) are compared with augmented solutions (A. Burnett). The results show that the Burnett equations predict a thicker bow shock wave compared with the Navier-Stokes equations. The maximum temperature along the stagnation line for the augmented Burnett equations is lower than that of the Navier-Stokes equations. However, the density distribution dose not show much difference across the shock for the present case of Knudsen number 0.2, which is consistent with planar two-dimensional results. The gas is assumed to he a monatomic gas with a hardsphere model, P r = 2/3, and y = 1.67, the wall of the sphere is assumed to he a diffuse-reflection cold wall i.
e., u = 1 and a = 1. The viscosity coefficient of a hard sphere gas model is given by p = ~o(T/T,)~.~, where pr = 2.2695 x 10-51ig/msec and T, = 300K.
Navier-Stokes and augmented Burnett solutions were calculated on two different grids, one 54 x 86 and the other 106 x 170, for the purpose of doing a grid refinement study. It was found that there were essentially no differences in the solutions, so the 54 x 86 grid has been used throughout.
Stagnation line density and temperature (normalized by free stream values) are plotted in Figures 11, and 12 respectively. The augmented Burnett results showed closer agreement with DSMC results than did either our Navier-Stokes results, Jain's VSL Navier-Stokes results, or Cheng's shock layer results. The density profiles ( Figure 11 ) for both the Navier-Stokes and Augmented Burnett equations show little difference from the DSMC results. Looking at the temperature profile in Figure 12 , it can be seen that the augmented Burnett equations predict a thicker shock layer than the Navier-Stokes equations, but a thinner layer than that predicted by the DSMC method. 
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However, there was a significant discrepancy bctween our Navier-Stokes solutions and Jain's solutions. Therefore, we also compared our Navier-Stokes code to the method of Jain using a stud on re-entry flows of AOTV under rarefied condition&]. The flow field on a spherical nose was computed under conditions that the AFE encounters at times t = 10 to 30 seconds after its re-entry into the atmosphere. Jain performed a numerical study of flow on a spherical body during a re-entry trajectory using a viscous shock layer and a hypersonic merged layer formulation of the NavierStokes equations (referred to as VSL and HMLO, respectively). The results of three higher Knudsen number cases which correspond to t=15, 20, 30 seconds of the trajectory of a hypersonic re-entray flow. The flow conditions of the three cases are In Figures 13 to 15 we have plotted stagnation line temperature (normalized by the free stream stagnation temperature) for the cases of the three times in a predicted AFE forehody trajectory. We can see that the results of our code are in good agreement with Jain's results, especially at the lower Knudsen numbers (the 20 and 30 sec cases).
Overall, for the re-entry cases, our code was in good agreement with the results of Jain. The discrepancies shown in Figure 12 in the two Navier-Stokes solutions may arise from possible differences in free stream conditions used.
Case 4: Effect of Kn, and M ,
We next did two parametric studies: one only varying Knudsen number (by fixing all free stream parameters except p, , and thereby pm) and the other varying only Mach number, keeping all else constant. The base free stream conditions used were those corresponding to the t=20 sec condition of Jain's cases in Case 3 (T, = 230.8 K), while a base Mach number of 10 was chosen for the Knudsen number study, and a base Knudsen number of 0,1768 was chosen for the Mach number study , Since p is taken to be a function of temperature only, the same p ( T ) relation is used as was before. Figures 16 to 19 show the typical results of the Knudsen number study. A base Mach number of 10 was chosen and various values of Kn were used. The results for Kn = 0.05, 0.1768 are presented here. In general, the augmented Burnett equations predict thicker shock layers, based on temperature distribution, than do the Navier-Stokes equations. The difference between the two becomes more pronounced at higher values of Kn. As before, the dcnsity profiles show little diffcrence between the two. Figures 16, 18 , 20, and 21 show the effects of varying only Mach number. Here again, the augmented Burnett equations predict thicker shock layers and lower maximum temperatures (relative to free stream stagnation temperature) than t,he Navier-Stokes equations. The normalized peak temperature decreases as Mach number increases. Howevcr, the variation of the profiles as Mach number increases is much less than that which occurs when Kn is varied.
Our calculations for the augmented Burnett equations in cases of M, higher than 25 lead to negative temperatures in the unstream portion of the bow shock. This difficulty limits the range of Mach numbers in computing the Burnett solutions.
Con c 1 us i o n s
The general three-dimensional components of the Burnett stress and heat-flux terms have been derived from their tensor forms. Subsequently, the numerical solutions of the augmented Burnett equations are obtained for axisymmetric hypersonic flow past spherical blunt noses with a cold isothermal wall condition. The Burnett solutions are studied through comparison with Navier-Stokes solutions, and some available DSMC results at various free-stream Knudsen numbers and Mach numbers.
The results show that the Burnett solutions are closer to the DSMC results than the Navicr-Stokes equations at Knndsen around 0.1. In general, the augmented Burnett equations predict thicker shock layers, based on temperature distribution, than do the NavierStokes equations. The difference between the two becomes more pronounced at higher values of Kn. But the density profiles show littlc difference between the two. Meanwhile, t.lie Burnett solutions could not bc obtained for Mach number larger than a certain value.
[15] R. K. Lobb. Experimental measurement of shock detachrncnt distance on spheres fired in air at hypervelocities. In W. 
Appendix I Axisymmetric Burnett Terms
For axisymmetric flow, the general expressions reduce to axisymmetric formulations by applying Eq. where the coefficients ai, /3i and ~i are given in Tables  2 and 3 .
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Appendix I1 Grid-Refinement Studies on Numerical Accuracy
The numerical accuracy of all the results presented in this paper has been evaluated by successive refining the computational grids. Examples of the results of the grid-refinement studies for Case 1 and Case 2 are presented here.
Case 1: Code Validation
Grid refinement studies are performed on two sets of grids with 38 x 60 (Grid A), and 76 x 120 (Grid B) grid points. Figure 22 shows comparison of results of Grid A and B in the temperature distribution along the stagnation streamline. The results of grid B have about 5% error in computing temperature across the stagnation line. The results presenting in the paper below are those obtained by using Grid B.
The relatively large numerical error of thc current case is due to the fact that the Enler terms are computed by the first-order Steger-Warming flux splitting in order to capture the thin bow-shock in the current high-density flow without oscillation. The first-order method introduces large numerical dissipation in the results. On the other hand, for the computations of Cases 2 to 4, which have larger Knndsen number and the shock wave is thicker, the second-order accurate modified flux-splitting method by MacCormack and Candler[lS] is used. The grid-refinement study for Case 2 shows that the numerical accuracy substantially imnroves. Figures 23 and 24 show the effect of grids by comparing the temperature and density distribution of the augmented Burnett solutions along the stagnation streamline obtained by using the three sets of grid. The temperature profiles of the three grids are almost the same, the density profiles are also the same except some differences near the wall. Therefore, the grid size of finest Grid C is considered to be appropriate and all the results of Case 2 presented below are performed by using Grid C.
Similar studies have also been done for Case 3 and 4 to ensure numerical accuracy for the grid used. The results are not presented here due to space limits. . . . 
